Abstract In this paper, we propose a method how to manage the convergence of Newton's method if its iteration process encounters a local extremum. This idea establishes the osculating circle at a local extremum. It then uses the radius of the osculating circle also known as the radius of curvature as an additional number of the local extremum. It then takes that additional number and combines it with the local extremum. This is then used as an initial guess in finding a root near to that local extremum. This paper will provide several examples which demonstrate that the proposed idea is successful and they perform to fulfill the aim of this paper.
Introduction
One of the most frequently occuring problems in scientific work is to find the roots of the equation of the form f(x) = 0.
Iterative procedures for solutions of (1) are routinely employed. Starting with the classical Newton's method, several methods for finding roots of equations have come to exist each of which has its own advantages and limitations. The Newton's method of root finding based on the iterative formula is given by
Newton's method displays a faster quadratic convergence near the root while it requires evaluation of the function and its derivative at each step of the iteration. However, when the derivative evaluated is zero, Newton's method stalls [1] . Newton's method will face several obstacles if it has small values of the derivative, the Newton iteration off shoots away from the current point of iteration and may possible converge to a root far away from the intended domain. For certain forms of equations, Newton's method diverges or oscillates and fails to converge to the desire root. We observe these obstacles by considering the function with expression
where its graph is given in Figure 1 and Figure 2 [2] . If we start the iteration at x 0 where x 0 is a fixed number in the interval (1.5,1.6), then we will obtain infinite sequence like x 0 , x 1 , x 0 . x 1 , . . .
which does not converge to x * , the root of f (See Figure 1 ). If we start at x 0 ≈ 0.999... as shown in Figure 2 , we may get x 1 which approaches +∞ (exceed the computer number). Therefore the algorithm cannot proceed.
In this paper, we would like to compute all the zeroes of a function when its graph looks like in Figure 3 . Furthermore, if the derivative of a function f(x) at a point is zero, then the point is a critical point of f(x), and special for this case, we consider those points as minimizer or maximizer (extreme). Our idea is that how does Newton's method can still be used where its initial point as an initial is minimizer or maximizer.
When the Newton's methods applied to a point which has zero derivative, the iterative process would not work properly since the denominator equals to zero. In order to ensure that Newton's method can still be employed, it needs to add a number to that minimizer or maximizer so that its derivative at this summand does not equal to zero. The question is how to obtain a suitable number such that no zero exists between that extreme point and the summand? Of course we cannot add any numbers, therefore, we use the theory of curvature of a function at any extreme or critical points for Newton's method works.
In Section 2, it will be explained in advance of curvature and radius of curvature.Section 3 contains the explanation how the radius of curvature can be used to satisfy the Liptschitz property for Newton's method. The illustration of the idea of curvature through an example is given in Section 4. In Section 5, it will be shown that how to improve the idea of curvature if the curve bends very sharply. 20 testing examples have been used to observe the impact of the proposed algorithm as given in Section 6. The conclusion which ends this paper, will be given in Section 7.
Curvature of a function
The idea of curvature is the measure of how sharply a curve bends. We would expect the curvature to be 0 for a straight line, and to be very small for curves which bend sharply. If someone moves along a curve, the direction of the tangent line will not change as long as the curve is flat. Its direction will change if the curve bends. The more the curve bends, the more the direction of the tangent line will change. As known that the movement of Newton's method searching process is depended on the tangent line of each iteration. We are thus led to the following definition and theorems which are taken from [2] .
Definition 1 [2]
Let the curve C be given by the differentiable vector function f(t) = f 1 (t)i + f 2 (t)j. Suppose that φ(t) denotes the direction of f (t).
(i) The curvature of C, denoted by κ(t), is the absolute value of the rate of change of direction with respect to arc length (s), that is,
where κ(t) ≥ 0.
(ii) The radius of curvature ρ(t) is defined by ρ(t) = 1 κ(t)
, if κ(t) > 0.
Theorem 1 [2]
If T (t) denotes the unit tangent vector to f, then κ(t) = dT ds .
Theorem 2 [2]
If C is a curve with equation y = f(x) where f is twice differentiable,
. of N (t) at distance 1/κ from the point α(t). When κ(t) < 0, the center of curvature lies along the direction −N (t) at distance −1/κ from α(t). In either case, the centre of curvature is located at
The osculating circle when κ = 0, is the circle at the centre of curvature with radius 1/ |κ| which is called the radius of curvature. The osculating circle approximates the curve locally up to the second order (the illustration is in Figure 4 ). Basically, in order to make Newton's method converges to x * , the zero of a function f, an initial estimation that is closed enough to x * , is needed. Therefore, for obtaining a suitable number named ρ must be searched such that x * k + ρ becomes the best estimation as an initial point for Newton's iteration. In the above explanation, the radius of curvature of f (x) can be employed as ρ. Therefore x * k + ρ is one of the initial best estimation when the Newton's method is used to find the root of f (x). Therefore, it can be proved that η = |x * k + ρ − x * | is the radius of the largest interval around x * in which the application of Newton's method to any point in (x * − η, x * + η) will converge to x * . However, the following definition is needed.
For the convergence of Newton's method, we need to show that f ∈ Lip γ (D). This condition has been shown in [4] through the following Lemma.
For most problems, Newton's method will converge q-quadratically to the root of one nonlinear equation with one variable. We shall now state the fundamental theorem of numerical mathematics.
for some η > 0 such that if |x 0 − x * | < η, then the sequence {x n } generated by
exists and converges to x * . Furthermore , for (n = 0, 1, 2, ...)
Now, we will prove thatη = |x * 1 +ρ − x * | is a radius of the largest interval around the solution of f(x) = 0 as shown in the following theorem.
Proof Letρ be the radius of curvature of f(x) at x * 1 . Letη be the radius of the largest interval around x * , that is contained in D and define η = min{η, (2ρ/γ)}.
We will show by induction that for n = 0, 1, 2, ..., the equation (4) holds, and
Takeη = |x * k +ρ − x * | as the radius of the largest interval around x * ∈ D, and let x 0 = x * k +ρ be an initial point which is a lower bound or an upper bound of [x * −η , x * +η]. The proof simply shows at each iteration that the new error |x n+1 − x * | is bounded by a constant times the error the affine model makes, in approximating f at x * . For n = 0, we have
By taking the absolute value of the above, we have
Thus by Lemma 1, we have
and by assumptions on f (x), we obtain
we have
The proof of the induction step then proceeds identically. Based on the above discussion, an experiment can be tried on several example problems to demonstrate that the use of radius of curvature is quite effective to make Newton's method converges to the desire solutions.
Numerical examples
In this section, for obtaining the nearest root closed enough to an extreme point, the initial guesses x * k + ρ, and x * k − ρ are tried where x * k is an extreme point, and ρ is the radius of curvature at this extreme point. Five examples (Exp.) given in Table 1 , have been tried to obtain a root to the right hand side of extreme point, and a root to the left extreme point of each function. Table 2 shows that the use of initial guess x * k + ρ, with x * k is a local extremum of a function, and ρ is a radius of curvature at that local extremum, will make Newton's method (N) converges (C) to a root of a function closest to the local extremum. However, for Exp. 5 when the radius of curvature is too small, Newton's method iterative process fails (F) to carry the job. To overcome this obstacle, it has been made a modification to the radius of curvature which will be discussed in the next section.
An improved starting point
Before we go through about this special case, now consider Unfortunate case when Newton's method encounters a trial guess near such a local extremum, then Newton's method will send its solution far away from the desired solution (see Figure 6 ). This situation happened in Exp. 5 of Table 2 where the size of radius of curvature to be added to the minima point is not enough to bring that point to the expected root.
For details, in Exp. 5, x * k = 10.9598 is a minimizer of f 5 (x), ρ = 0.191837 is radius of curvature at x * k , then x * k + ρ is an initial guess in finding the nearest root from x * k on the right hand side, and x * k − ρ on the left hand side. In Table 2 , it has been given a sign that Exp. 5 failed in getting the root on the left hand side of x * k . Now we try to double up the radius of curvatureto become 2ρ, and use x * k + 2ρ as the new initial guess, then with that new initial guess, we will obtain x * − = 9.93822 which is the nearest root of x * k on the left. So we assume that the failure due to Exp. 5 caused by the small radius of curvature. To overcome this obstacle, we decide to restrict the radius of curvature as ρ ≥ r for r ∈ (0, 1).
The algorithm of modified radius of curvature can be described in Algorithm M.
Algorithm M
This simple algorithm computes ρ ∈ R using data (x 0 , ε, r ∈ R, m ∈ N ) where x 0 is local extremum of a function, ε is a tolerance, r is a real number, and m is the maximum number of iteration.
|f"(x0)| 2. ρ := ρ j 3. i := 1 4. while ρ i < r do 4.1 ρ i := iρ j 4.2 i := i + 1 4.3 ρ := ρ i 5. return.
Numerical results
In this section, the proposed method is employed to solve several nonlinear equations. All experiments were performed on a personal computer with AMD Dual-Core Processor E-350 1.6 GHz and 2 GB memory. The operating system was Windows 7 Starter (32-bit) and the implementations were done in Microsoft Visual C++ 6.0.
We used the following 20 test functions and display the approximate zeros x * . x + ln x − 0.84x Table 3 shows that the use of radius of curvatute at the extreme point will make Newton's method always converges to the roots closed to this extreme point. Nonzero value of r indicate that the functions have the small radius of curvature at their extreme points.
Conclusion
In this paper, we have presented that the radius of curvature at maximizer or minimizer points can be used as an increment to those extremum points in the attempt to find the radius of convergence of Newton's method near to the said maximizer or minimizer of a function. Numerical results show that our valuable method succeed in finding the desire solutions. 
